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ON THE THEORY OF ANISOTROPIC ELASTIC
SHELLS AND PLATES

LrvIU LIBRESCU

Institute of Fluid Mechanics, Aeromechanics Division, Bucharest, Roumania

Abstract-This paper presents a linear theory of homogeneous anisotropic elastic plates and shells, established
without considering the Love-Kirchhoff assumptions.t

The boundary conditions on the external bounding surfaces of the shell are rigorously satisfied. No restric
tion is made as regards the thickness of the shell which permits a study of thick plates and shells. Finally, with
the aid of the results obtained in the first part, the problem of anisotropic elastic plates is examined.

1. GEOMETRICAL CONSIDERATIONS

THE shell may be defined as a region of space, bounded by two surfaces s±(z = ±hI2),
symmetrically placed with respect to the middle surface s, (z = 0), and to a lateral cylindrical
surface ~ with the generators parallel to the z axis. The position vector of a point of the
shell space may be defined by

(1.1)

where n is the unit vector, x 3 = z( - hl2 ~ z ~ h12) the distance of the respective point to
the middle surface, h the constant thickness of the shell, r = r(x") the position vector of
an arbitrary point of the middle surface, and xl' (p = 1,2)t the Gaussian coordinates of
the points of surface. We denote by

and

the vectors of the covariant basis and the covariant components, of the metric tensor
corresponding to the middle surface and to the shell space respectively.

In the following, the partial derivative ofa vector or tensor with respect to the coordinate
xi will be indicated by the subscriptj preceded by a comma, the space covariant derivative
will be indicated by a double vertical line and the surface covariant derivative by a Greek
subscript preceded by a single vertical line.

Taking into account that the space Christoffel-symbols of the second kind r,' may
be expressed in terms of corresponding surface quantities by relations [3,4],

t A comprehensive discussion of the contents and error involved in the Love-Kirchhoff assumptions has been
given by Koiter [1,2].

t Throughout this paper Greek indices take the values I, 2 and Latin indices the values 1, 2; 3.

53



54 LtVIU LTBRESCU

(1.2)t

w_Ow 'M ",2w{) II (n)w"° (n-l)O;)" °t
raP - rap -zbp1a-t. h"halp + ... +z [g r<XP,"- g (hp"I<Z+2rapbtlt)

(n-2) °
+ g W1t(bpnb~IP+ra~Cp1t)]+""

r a; = baP-zeap,

r W b W w lbA. w n«n)wAb (n-l)wA )
cd = <X -ZC<Z -z <XCA - ... -z g 1lA. ~ g ellA - ... ,

r 33 = r 3~ = r A = o.

°where r p~ = r p~(x':x, 0) are the surface Christoffel-symbols of the second kind, baP and
caP = b:bA./J the second and the third fundamental tensor of the middle surface respectively,

g>wn = (n + l)aWP(bn)~ (1.3)

are the coefficients of z" of the expansion into series of gO;)n where [5J

(bO),; = (jp, (bI)p = bp,

(b/)'P = b~(b(n-lI)~ = b~(b(n-l)~ (104)

«j} being the Kronecker symbol), the spatial derivatives ofa spatial vector may be expressed
with the aid of the surface derivatives as follows [3,41

Y.xIl P= Y.xIP - V3b<xP+z(V3 C<xP + V;ub~IP)+Z2VwbJ)b~IP+'"

(n) 0 (n'- 1) °
+ ... -z"V",[g wnr<XP,n- g Wlt(bpnl,,+2rapbtlt)

(11- 2)oo1t(b bP rO P )]+ g pn alP+ <Zpcpn , + ... ,

V -V V [bW 0;) 2bY w + + n«(n)wAb - (n-1)ooA)+ J«113- <x.3+ w a+ZC,,+Z <xc..,. ••• Z g «A. g eaA ••• ,

V -V V [bW .. ,W ..2b" W lI«(n lWAb (n-1)wA) J311"- 3ja+w a+da+t. aC,.+ ... +zg ".l,- g Ccd.+····

(1.5)

2. PHYSICAL EQUATIONS

The stress-strain equations or vice-versa, written for an elastic homogeneous and
anisotropic body are given by

(2.1)

where eij is the symmetrical stress tensor, eij the strain tensor, and Eijmn, F ijkl the tensors
of elasticity moduli of the body, whose symmetry and homogeneity properties are given
in [6]. The conditions which define the anisotropy of the type of the elastic symmetry with
respect the surface x3 = const., or the orthotropy are given in [61.

t All the devdopments into serres of positive integer powers of the variable x 3 = : are assumed to be absolutely
and uniformly convergent within the interval I ~h/2, 11/21. ,(_~)

The magnitudes affecled by a negative order number (n - i) will be assumed equal to zero ( P ~p = 0, if k > 0).
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In the case of a transversely isotropic body, we have

1
F 3333 = E'

and
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E3333 = E'(I- v)

(
l-V V'2)E--2-

E E'

where E, v are Young's modulus and Poisson's ratio, respectively, corresponding to the
isotropy surface (the surface parallel at each point to x3 = const.) and E', v', G' are Young's
modulus, Poisson's ratio and the shear modulus, respectively, corresponding to the
plane normal to the isotropy surface.

We observe that the tensors Eiikl and Fijmn are spatial tensors, and by using the trans
formation relations between the spatial and surface components of a tensor [5], we obtain
the expressions below, [3], which will be of use in our next considerations

EaPy3 = ~«PY3+ZW«PYo+ '" +znE!apyo+ •••

(Q) (1) 2m
F«3m3 t'a3m3 +ZF«3m3 +Z J:'«3m3

where

(!Jj (!Jj (I

F a3m3 = i:"«3m3(2 ).

.mlt

In the following, the considered anisotropy will be of the type of elastic symmetry,
with respect to the surface x3 = const.t Accordingly, the physical equations are given by'

Emlt33

E-mltt1P + 33
et1p E3333 • ,

where

t For the remaining cases of anisotropy, the results can be deduced. obviously, by particularizing the relations
obtained for this type of anisotropy.
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3. EQUILIBRIUM EQUATIONS AND BOUNDARY CONDITIONS
The equilibrium equations and the boundary conditions of the shell will be deduced

by using a variational principle of the three-dimensional elastostatics,t which may be
formulated as follows:

From all the possible states of stress, the only one which takes place, assigns to the
functional

(3.1)t

a stationary value.
In (3.1) the following notations were used: V is the displacement vector, W the elastic

potential per unit volume of the unstrained body; 0 the boundary of the body of volume
r; n.Vl the portion of the boundary 0 on which the displacement vector v* is prescribed:
O(P) the portion of the boundary 0 on which the surface force vector P is prescribed: mi
the components of the unit vector of the internal normal to the boundary: H = (.jg)F
where F = pig; is the body force vector per unit mass: g = Igikl, p the density.

In the case of the shell, assuming 8H = 8P, we obtain from (3.1) [15].

J 1 fh l2 i8J = / (Ti,i + pH) 8V dO" dz + (T; ~i + P) 8V dO
t1 "a -hl2 O(P) " g

+ r (V*-V)8(rikgkmi)dO+ Jf
h

l2 (rik-Eikmnemn)(j~)8eikdO"dz (3.2)
JO(V) t1 -h12

+ iC:/2 [eik-~(~lk+ ~l;~ (j~) 8r
ik

dO"dz = 0

where dO" = (.ja)dx l dx2 is the element of area of the middle surface:

the stress vector [6, 16. 17]:

(3.3)

Considering that the variations of the displacements. stresses and strains in the interior
and on the boundary of the shell are taken independently and assuming

(3.4)§

t In papers [7, 81 the Lagrange variational principle is used in the deduction of the equilibrium equations and
boundary conditions for plates and shells of moderate thickness.

t This variational principle [9--11] constitutes a generalization of that due to Reissner [12]. For the three
dimensional elastodynamics a generalized Hamilton principle is given in [131- (See also [14).)

§ See e.g. [7, 8, 17-20).
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from the condition (jJ = 0, we obtain:
(i) the equilibrium equations

f
hl2

(Ti i + pH)zn dz = 0,
-h12 •

(ii) the natural boundary conditions on Q(P)

r (T i ~i +p) JVdQ = 0
In(p) "g

(iii) the natural boundary conditions on Q(V)

r (V* - V) J(rikmigk) dQ = O.
In(v)

Taking into account (3.3), equations (3.5) may be written in the form [3,4]

L(;;jfw +(n-1)b~N(~) - nN(~_1)+ [ZnAA~r3~]~~/2 +~(~) = 0

N ~ Q3 +b L~p+[n, 33]h12 +<z3_0
(n)I~-n (n-1) ~ (n) zlt.r -hI2 07"(n)-

(n = 0,1, ... ).

i /2 fhl2
L wn = IUwr 87tz n dz N w = Arw3 z n dz

(n) -h12 6 , (n) -h12 '

f
hl 2

Q3 = Ar33zn dz
(n) -h12 '

f
~2 f~2

~ w = pAAwF~zn dz ~ 3 = pAF3z n dz
(n) -h12 ~ , (n) -h12
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(3.5)t

(3.6)

(3.7)

(3.8)

(*)

(3.9)t

which define the tensor components of the nth-order stress and body force couples respec
tively.

From (3.6) we obtain:
(a) The conditions on the bounding surfaces s± of the shell [3,4]

[Ar3~zn]~~/2 = p(~)' [Ar33zn]~~/2 = p(~) (n = 0,1, ...) (3.10)

where we have used the notations

[
, no< n]hl2 _ ~
It.r Z -h12 - P(n)'

For n = 2t + 1, (t = 0, 1, ...)

and for n = 2t, (t = 0, 1, ...)

p(~t) = (1) 21p(g),

[ 'p3 n]hl2 3
It. Z -h12 = P(n) (3.11)

t Besides, the nth-order moment of the three-dimensional equilibrium equations (3.5) from OJ = 0 the
nth-order moments of the physical and of the geometrical equations corresponding to the three-dimt:J1slOnal
elasticity also result. We shall not use the moments of these last equations but the equations themselves. A theory
of plates based on the consideration of the nth-order moments of the fundamental equations of the three-dimen
sional elasticity is developed in [21,22].

:j: Equations (3.8) may also represent the motion equations of the three-dimensional element of the shell
through the replacing in (3.9h of the components F i by F i

- fi [24], where fi is the acceleration vector. In the
following we consider Fi = fi = O.
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(b) The natural static boundary conditions on C(P)

h/2

f J(g,\",x'\x",)[pa+tnaYn]tpA~Zn dz = 0,
-h/2

, h/2

I JCl,'A",x'\x",)[pa+rnaYnlvfJA~zndz = 0,
o -h/2

.h/2

j J(g'\",x'\x",)[p3+r3AY,\]zndz = 0 (n = 0, 1, ...).
-h/2

(c) The natural geometric boundary conditions on e(V)

f
h/2

J(g,\",x'\x"')(V: - J!;.)yaZn dz = 0,
-h/2

h/2

f J(g,\",x'\x"')(V: - J!;.)taZndz = 0,
-h/2

f
h/2

J(KA",.X)'.x"')(Vj - V3)zn dz = 0 (n = 0,1, ...)
-h/2

(3.12)

(3.13)

where t = raaa and v = yaaa are the unit vector tangent and normal respectively to the
smooth curve C resulting from the intersection of the surfaces Land s, (z = 0), x a = xa(u)
are the parametric equations of the curve C, x a = dxajdu.

4. EXPRESSIONS FOR STRAINS AND DISPLACEMENTS

On the basis of the strain-displacement linear equations

(4.1)

and using the physical equations (2.1O}z, (2.10h and relations (1.5)z, (1.5h, we deduce the
equations [3,4]

T7 -4F ,\3 T7 2V[bW W 2bYw+ n(n)w'\b (n-l)w,\) ]
~a.3 - a3A3 t - ~3.a- W a +ZCa +z aCy ... +z g a,\ - g Ca,\ + ... ,

TJ' _ 1 (33 E33ap )
~3.3 - E 3333 t - Cap

which permit one to obtain the components of the vector V;(xa, x 3
) [3, 4,18],

(4.2)

(4.3)

(1) (0) (0) (0) (OJ (0)

Va = 4Fa3p3A(AtP3)- V3.a-2Vwb~,

(2) (0) (1) (1) (0) (0) (0) (0) (1) (1) (1) (0)

2Va = 4(F a3p3A + F a3p3A)(A r P3)+4F a3p3A(A r p3)_ V 3.a-2 V wb~ -2VwC~, ... ,

(n) (n-l) (0) (n-2) (1) (0) (n-l) (0)

n Va = 4( F a3p3 A + F a3p3 A + ... + F a3p3 A )(A r p3)

(n-2) (0) (n-3) (1) (0) (n-2) (1)

+4( F a3p3A + F a3p3A + ... + F a3p3 A )(A. r p3)

(0) (0) (n-l) (n-l) (0) (n-l) (n-2)
+ .. , +4Fa3p3 A(A. t p3)_ V 3.a- 2Vw( g wAba,\- g WAca,\)

(I) (n-2) (n-3) (n-l)
-2Vw( g w'\baA - g WAca,\)-··· -2 V wb~,
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(n) 1 (n-l) (0) (n-2) (1) (0) (n-1)33
nV3 = E3333 [ A (A. r 33)+ A (A. r 33)+ .,. + A(A. r )

(0) (n-l) . (1) l/(n-2) (n-1) 3 (0)

E 33~1/ E33~ E 3 ~I/ ]- e ~P - e ~P - . . . - e ~P ,
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(4.3 cont.)

where <:!~P is the coefficient of Zi of the expansion into series of e~I/' determined from (4.1)
and (1.5)1

(0) (0) (0) (0)

e ~P = -¥V~IP+ V PI~-2b~1/V 3),
(1) (1) (1) (1) (0) (0)

e ~I/ = -¥V~II/+ VI/I~-2V 3b~I/+2V 3c~I/+2V wb~II/)'

(2) (2) (2) (2) (1) (1) (0)

e ~P = -¥ V ~III + V PI~ - 2 V 3b~1/ + 2 V 3C~1/ + 2 V wb~IP + 2 V wbc;b~11/)" . . (4.4)
(n) (n) (n) (n) (n-1) (n-1) (n-1)
e~p = HV~,p+ Vpl~-2V3b~p+2 V 3c~p+2 V wb~'i'p

(n-2) (1) (n-1) (0) (n-2) 0

+2 V wbc;b~11/+'" -2Vw[ g Wltr ~P.lt- g Wlt(bpltl~+2r~pbtlt)

(n - 3) 0 (0) (n) 0 (n - 1) 0

+ g Wlt(bpltb~IP+r~l/cplt)]-2Vw[gWltr~p.lt- g Wlt(bl/ltl~+2r~pbtlt)

(n- 2) 0

+ g Wlt(bpltbJI/ + r~~Cplt)]} , ...

Taking into account relations (2.10) (2.9), the stress-strain relations may be written

o (0) (0) (1) (1) (0)
r Wlt = E Wlt~fJ e ~fJ + z( E Wlt~1/ e ~I/ + E Wlt~fJ e ~fJ) + ....

(0) (n) (1) (n - 1) f,;) (0) 1 (0) (0) (0)

+ zn(Ewlt~fJe +EWlt~fJ e + +EWlt~fJe )+__{Ewlt33A(A.r33)
~fJ ~I/ . . . ~fJ E3333

(0) (1) (0) (0) (0) (1) (1) (0) (0)
+ z[ Ewlt33 A (A. r 33)+ Ewlt33 A (A. r 33) + Ewlt33 A (A. r 33)] + ...

(0) (n) (0) (n-1) (1) (0) (n)
+ Zn{ E Wlt33 [A(A. r 33) + A (A. r 33)+ ... + A(h 33)]

(1) (n-1) (0) (0) (n-1) (n) (0) (0)

+ E Wlt33[ A (A." 33) + ... + A(A. r 33)] + ... + E wlt33 A(A. r 33)} + ...

where

(1) (0) (0) (1)
(1) (1) EWlt33 E 33al/ + E Wlt33 E 33ap
E WltaP EWlt~P= - E 3333 , ... ,

(n) (0) (n- 1) (1) (0) (n)
(n) (n) EWlt33 E33~P + E wlt33 E 33aP+. + E wlt33 E 33afJ
E "map = EWlt~P _ ..

E3333

(4.5)

(4.6)
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(n)

In relations (4.5), (4.3), (II. r i3) represent the coefficients of zn of the expansion into series
of II.ri3

, [3,4,25]

(2n+ I). ( h2n
)

+ I 2n +<p Z Z - 22n •••

(4.7)

and A = 1/11..

The functions tqJi = tqJi(Xa
), (n = 2, 3, ... ) together with the displacements of the middle

(0)

surface Vi(xa
) constitute the basic unknowns of the problem. In the case of the Nth-order

approximation of the development (4.7)t (N = 2,3, ... ), by replacing the expression of
the nth-order stress couples (n = 0, 1, ... (N -1» in the equilibrium equations (3.8), we
obtain a system of 3N partial differential equations for the 3N unknowns of the problems
(0) (0) (2) (N)

Va' V 3 , <pi, ... <pi.

In all the previous developments no restriction concerning the shell thickness was
made, a fact which makes possible a study of the problem of thick shells.

5. POSSIBILITY OF REDUCING THE NUMBER OF UNKNOWNS

In papers[3, 4) the system of equations

(2n) (2n-l) (2n-l) (2n-2)

2n <p 3 = -(II. r a3)la_(1I. r a"')ba",+(1I. r a",)Ca", , (5.1)

(2n + 1)(2n~ 1)3 = _(/:;)a3)la _ d:;)a"')ba", + (pnr I)a",)ca"" ...

was deduced, which permits the determination of the functions (1;13, ... , tqJ3, ... by means

of the remaining unknowns of the problem Since (1I.~,l",) contains in general case (1I.~33)
under differential form, [3J, the solution of this system of equations is laborious. In some
particular cases, however (e.g. in the case of the plane plate or when additional assumptions
are introduced), the system (5.1) becomes an algebraic system of equations. Thus in the

• . • (2) (N+ 1)
case of the Nth-order approximatIOn of the expanSIOn (4.7) <p \xa

), • •. , <p 3(Xa
), ••• may

be expressed by the functions <q]P(xa
), • •• , (qJP(xa

), • " which together with V;(~) constitute
the basic unknowns of the problem. We obtain in this case a system of (2N + 1) equations
with (2N + 1) unknowns, indicated above. We mentioned that the manner of determining

the functions *\xa
) results in the fact that from the system of equilibrium equations (3.8),

the equations indicated by a star are identically satisfied, (for n ;;:: 1).
(,)

t In the case of the Nth-order approximation of (4.7). <pi = 0 if r > n.
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6. PLATE EQUATIONS

The consideration of the middle surface as a plane surface leads to certain simplifica
tions·t

In this case the equations and the natural boundary conditions may be grouped as
followst

(a)

N(,.)II1.-nQtn-1)+P(~) = 0,

J? - __I_(n-1)33 _ E330;p(n-1) )
3 - nE3333 t e 0;(J'

+hn+2P+1( In+2p+1_(_1)n+2p+1

2n+ 2p + 1 n+ 2p+ 1

+hn+2p + 2 (In+2P+2_( _1)n+2 P+2

2n + 2p + 2 n+2p+2

I n+1_(_1)n+ 1) (2plo;

n+l q>

I n+2 _( l)n+2)(2P+l)

2
q> 0;+ ...

n+

(p 1,2, ... ).

00' jO)oo., (0)
t In this case we have b.p = 0 and hence E'J 1 = E 'J , F'j", = l' 'jmn' Likewise, the order of the covariant

differentiation with respect to the surface coordinates X'- is immaterial.
t The sense of this grouping of equations will appear as obvious in the following considerations.
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(7.2)

(b) Natural static boundary conditions

!L(:,!)VpL{U + rl2
Fraz" dz = 0,

A' • -h12
("I hl2

L(~)vpvw+f Fvaz" dz = 0,
-h12

B(~){ N(~)v.<+ Jh
l
2 p3z" dz = O.

-h12

(c) Natural geometric boundary conditions

[
h"+I(I"+1_(_l)n+1)(0) hn+p+1(ln+p+1_(_l)n+p+1)(p) ] a

(n+I)2n+1 Ya+ ... + (n+p+I)2n+p+1 Ya+ '" V

f
hl 2

= V:vazn dz,
-h/2

A('n)

[

hn+ 1(ln+1_(_l)n+1)(0) hn+p+l(1n+p+1_(_I)n+p+l(p) ] a

(n+l)2"+1 Va+ ... + (n+p+l)2n+p+1 Va+· .. L

J
hl2

= V:razn dz.
"h/2

{

hn+1(1 n+ 1_( -1)n+ 1)(0) h"+r+ 1(1"+r+ 1_ (_1)n+r+ 1) (r)

I! (n+l)2n+ 1 13+ .. ·+ (n+r+1)2n+r+1 V3

B(n)

J
h/ 2

= q z" dz (p,r = 0, 1, ... ).
-hiZ

The sets of equations (An)' (Bn), together with the boundary conditions (A~), (B~) or
(A~), (B~), fall into two independent groups, namely (A zq), (B zq + 1) to which we associate
the boundary conditions (A~q), (B2q + 1) or (A zq ), (Bzq + 1)' (q = 0,1, ... ) and respectively
(A zq+ 1), (Bzq) with the boundary conditions (Azq +d, (Bzq) or (Azq + 1)' (Bzq), (q = 0, I, ... ).
The first group of equations corresponds to the state of stress of. the type known as
generalized plane stress and the latter one to transverse bending of plates. In view of
their complexity, these groups ofequations will not be written explicitly here.

7. THE EQUATIONS OF PLATES OF MODERATE THICKNESS

The equations for plates of moderate thickness will be deduced by considering simul
taneously [7,8,26-311

kffh z fzJih 4

----u-- < 1, ~~ 1 (7.1)

where L is a characteristic dimension of the mid-plane, fl the variation index of the state
of stress [321, k andfl are physical factors defined respectively by the maximum of ratios,

WP 33

k .C'<'P c'<'P topn3 33n3
, 33' 33' CafJ 8<13' Cap8a 3

C33 C33

o.>p 33 33 33

f . C"''P Carr <03 CX'P Crr" <03 '<'1' o.>p 03 ,,3
z, -3-3-S,3 ,~8,3 , Cn"C"p 8,,3S<3'

C33 C3 3
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where c~n and s~n are the elastic coefficients in Cartesian rectangular coordinates, corre
sponding to E~n and F~n' respectively.

In this case it is sufficient to consider the third order approximation of the expansion
(4.7),

pfl) Z (2) ( h
2

) (3) ( h
2

)rP3 = ~+pP _+ rnP z2 __ + rnPz Z2 __
h (O)h 't' 4 't' 4 .

From system (5.1), taking into consideration (7.3), we obtain for

where

(i)33 1 h2(2)
-j;pf1)lp +4q>fp,

(~)33 1 h2(3)
- 2lfo)lp +8' q> fp,

(3)33 1(2) (4)33 1(3)
r -3q>fp, r -4q>fp·

(7.3)

(7.4)

(7.5)

8. EQUATIONS FOR THE TRANSVERSE BENDING OF PLATES OF
MODERATE THICKNESS

Taking into account the groups of equations (A 2r + d, (B2r) (Section 6), and using
relations (7.1)-(7.5), we deduce the expressions for r ii corresponding to this state of stress.

P3 _ pfl)+ (2j, (2 h
2

)
r - h q> z -4 '

33 (1) 33 + 3(3)33r = zr z r ,

_ (1) (3) E'm'33 (1) (3)
rWll

- EWllafJ(z e +Z3 e )+--(Z r 33 +Z3 r 33)- afJ afJ E3333 .

(8.1)

(0) (2)

The unknown functions are V3 and q> p.

Taking into account the relations given in Sections 6 and 9 (see also [3,4]) by satisfying
the equilibrium equations

L('Dlw - Nfo) +pfl) = 0,

N<!JlIw + prO) = 0
(8.2)
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(0) (2)

we obtain the following governing partial differential equations in V 3 and ({JP

(8.3)

1 gop33 2(2) h\2)a 3 a
+h E3333P10!Yro- ({JP = 0, 6({J)a-P(0)-P(O!a = 0.

The sixth order of this system of equations requires three boundary conditions on
each edge. These static and geometric natura] boundary conditions may easily be obtained
from the corresponding expressions contained in Section 6, and are given by (A~), (B~)

and (A'{), (B~), (p = 3, r = 2), respectively.

9. STRETCHING EQUATIONS FOR PLATES OF MODERATE
THICKNESS-GENERALIZED PLANE STRESS

Taking into account the groups of equations (A2r), (B2r + 1) (Section 6) and relations
(7.1)-{7.4) we deduce the expressions of 1Y corresponding to this state of stress

.ro3 = pro :'+~3jroZ(Z2_h
2

)
(O)h 't' 4 '

33 (0)33 2(2)33 4(4)33
r =. +Z. +Z. ,

_ (0) (2) (4)
.ro1t = Ero1taP(eap+z2eap+z4eaP)

E
ro1t33

«
0)33 + 2(2)33 4(4)33)+E3333 • Z '! + z '! .

(9.1)

(0) (3)

The unknowns are Va and ({J P
Taking into account the relations given in Sections 6 and 7 (see also [3,41) by satis

fying the equilibrium equations

L('6>lro + pfo) = 0,

Lrd)lro - 2Nfl) + (~rpfo) = 0,

(0) (3)

the following system of equations in Va and ({J Pare obtained

_ {h (0) (0) h3 E 33 ;'", (0) (0)

E
ro1ta

P 2( ValPro + VP1aro )+48 E3333( V;, I",apro + V",I;'aPro)

h7
(3) 7h5

(3) (3)

+ 27 X ISE333J({JfpafJro+ 25 x IS{FaJP3({Jfpro+FpJPJ({Jfaro)
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h7 E3 3).<p (3) (3)

- 28 X 15 E 3333 (F).3p3 cpf<p~/iw + F<p3p3 cpf;'~/iw)

h
2

h
2

3 },+ 12 (pfO)!/iwF~3p3 + pfO)!~wF/i3p3) - 24E3333P(1)1<x/iw

E
w1t33

( h
2

h
5

(3) )
+ E3333 Pfl)lw +12Piollpw - 120 cpfpw + p(O) = 0,

_ {h3 (0) (0) h5 E 33 ;'", (0) (0)

EW1t~/i 24( V~!/iw+ V/il~w)-320 E 3333 ( V;'I<p~/iw+ V<pl;'~/iw)

9h7
(3) (3)

- 27 X 35 (F~3p3 cpf/iw +F/i3p3 cpf~w)

h
4

h
4

}+80(F~3p3pfO)I/iW + F/i3p3pfO)I~w) - 160E3333pfl)I~/iW

Ew1t33 h2
3 h2 h5

(3)

+ E 3333 12(P(l)!W+ 20pfOllpw- 23 X 35CPfpw)

h2 h5
(3)

+ Il(Ol+ 60CP1t = O.
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(9.2)

The static or geometric natural boundary conditions may be obtained by using ex
pressions (A~), (B~) or (A~), (B'{), (p = 4, r = 3) respectively, which were given in Section 6.

10. THE TRANSVERSE BENDING FOR RECTANGULAR PLATES OF
MODERATE THICKNESS

As an example we consider the transverse bending of rectangular plates made of a
transversely isotropic material.

The plate edges (0( = 0, a; f3 = 0, b) are assumed to be simply supported and hence
along them, the moments and the deflection are assumed to vanish.

We consider that the loads are distributed according to the law

The expressions

3 *. nO( . nf3
p(O) = p(O) SIO - SIO -

a a
(10.1)

(2) nCt . nf3
cp 1 = B cos --;; SIO b'

(2) • nCt nf3
cp 2 = C SIO --;; cos b'

(10.2)

satisfy all the conditions on the plate edges [27].
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(10.3)

Taking into account relations (2.2), (10.1), (10.2) in equations (8.3), we deduce the
following expression for the deflection of the plate center

n2h2(I+qJ2)(E(I-)'/2) V'E)1+ ---
(0) (0) lOa2 G'(1- ),2) E'(1- v)
V3 = (V3 )N n2h2(1 +qJ2) Ev'

1 40a2 E'(I- v)

where

(0) 12p(0)a4(1- 1'2), a
(V3)N = En4 h3(1 + qJ2)2 ' qJ = b' (10.4)

In the following, for the case of the isotropic quadratic plate (h/a = t; v = 0,3; qJ = 1)
we shall compare the expression of the deflection of the plate centre, obtained by various
theories:

The exact theory [33J The suggested theory The classical theory

3·492 3·35 2·27

Results concerning the transverse deflection obtained in this example, show, on one
hand a good correlation with values obtained within the exact theory (the deviation
being of 4·25 per cent) while on the other hand a difference of 32·2 per cent is obtained,
with respect to the classical theory.

By contrast with this case, the relation (10.3) permits one to infer readily (it should
be remarked however, that these conclusions are general in character being not limited
only to the case of anisotropic plane plates) that even for "geometrically thin" anisotropic
plates (h 2 /L 2 ~ 1), a more refined theory might lead to results quite different from those
obtained within the classical theory, if the material possesses a high degree of anisotropyt
(the anisotropy degree is defined by the maximum value of the ratios (7.2)1)

11. DISCUSSION

The present paper develops a theory of elastic anisotropic shells and plates, the Love
Kirchhoff hypothesis being abrogated. Implicitly the contradictions introduced by this
hypothesis are eliminated. No restrictions are made concerning the thickness of the shell
or plate. The theory is approached within a general framework so that, by particulariza
tion, one can obtain a series of results previously deduced.

(i) Thus: the equation given in Sections 4 and 8 contain the results deduced by
Ambartsumian for anisotropic shells of moderate thickness in the case e33 = ,33 = 0
[28,29] and for plates of moderate thickness in the case e33 = 0 [27, 29, 30] as well as
those deduced by Mushtari and by Teregulov [7,8] for the case of isotropic plates of
moderate thickness.

Also, our results are in agreement with those deduced by Vekua [23] for thin shallow

t This conclusion was firsl made evident by Ambartsumian [28~311.
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isotropic shells, or with the linearized version of Habip's equations [14], deduced for
anisotropic shells, in the case of the linear variation of the displacements through the
thickness.

(ii) The theory presented in [26, 27-29, 34, 35] leads, within the frame of our example
(0)

(Section 10), to values of the deflection (V3)c larger than that obtained through the exact
theory [33]; in contrast with these theories, the proposed theoryt leads to a value of
(0)

( V3)C which is close to the exact one, but inside the domain between the classic and the
exact theory.
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Resume-Cette etude presente une theorie lineaire pour les plaques et les coques homogenes, anisotropiques et
elastiques, etablie sans prendre en consideration les hypotheses de Love-Kirchhoff.

Les conditions aux limites sur les surfaces exterieures de la coque sont rigoureusement satisfaites. Aucune
restriction n'est portee sur I'epaisseur de la coque ce qui permet une etude des plaques et discoques epaisses.
Pour conclure. Ie probleme des plaques anisotropiques elastiques et examine it l'aide des resultats obtenus dans
la premiere partie.

Zusammenfassung·-Diese Arbeit behandelt die lineare Theorie anisotropischer elastischer Platten und Schalen,
ohne die Love-Kirchhoff'schen Voraussetzungen zu berticksichtigen.

Die Randwertsbedingungen der ausseren Grenzen werden erftillt. Keinerlei Einschrankungen ger Scpalen
dicke werden gemacht. dies ermoglicht die Untersuchung dicker Schalen und Wande. Schliesslich werden mit
Hilfe der Resultatc. die im ersten Teil erzieJt wurden. die ProbJeme elastischer anisotropischer Platten untersucht.

AOCTpaKT--B HacTollIU;en pa60Te npHbO,l\HTCll HeJlHHenHall TeopHll O,l\HOP0,l\HbIX aHiBOTponHblX ynpymx
o60JlOqeK, pa3pa6oTaHHall Gel yqeTa TeopHH JIllBa-KHpxro(jl(jla.

rpaHHqHhle yCJIOBHll BHe111HHX nOBepXHocTeH OGOJlOqKH cTporo y,l\OBJleTBopeHbL HHKaKoro orpaHH
lleHHll He HaKJla,l\blBaeTll Ha TOJlIU;HHY OGOJlOqKH, 'ITO n03BOJIlleT HPOBeCTM HCCH,l\OBaHiole TOJICTblX JIIOCTHHOK
M 060JlOqeK. B 3aKHO'leHHH 3a,l\aqa allH30TponHbix yHpyIU;x nlKCTI1110K paccMaTpHBaeTll I1PI1 nOToIU;M
pe3YJIbTaTOB, nOJIyqellHblX B nepBOn qaCTH, cTaT611.


